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POSITIVE DEFINITE MEASURES WITH APPLICATIONS
TO A VOLTERRA EQUATION

BY

OLOF J. STAFFANS

ABSTRACT. We study the asymptotic behavior of the solutions of the
nonlinear Volterra integrodifferential equation

(*) X'(0) + [§ g2 = 1) du(r) = £ (1),

with a positive definite kernel u. In particular, we give new sufficient condi-
tions on the kernel u, which together with standard assumptions on f and g
yield results on boundedness and asymptotic behavior of the solutions of (*).
Our proofs are based on the theory of distribution Fourier transforms.

Introduction. A real nonlinear Volterra integrodifferential equation with a
convolution kernel is an equation of the form

W O+, de-nee)dr =f) O<t<ex; x(0)=x,,

where g, g and f are given real-valued functions, x, is a given real constant, and
x is the unknown solution (prime denotes differentiation). We are basically in-
terested in asymptotic properties of a solution of (1) such as the boundedness on
[0, =) of a solution, and the question of whether a solution x satisfies

)] lim gx(1))=0
1—>o0

(with the appropriate assumptions on 4, f and g the condition (2) will imply
lim,, ., x'(f) = 0, and the existence of lim, ., x(¢)).

In the existing literature on this nonlinear problem the hypotheses on g and
f have, in general, included g € C(~, 9), f € L1(0, ), and we shall assume
throughout that these two conditions are satisfied (however, in some recent pa-
pers the condition f € L! (0, ) has been relaxed to lim,, ,, f(£) = 0, but then
stronger conditions are needed on a and g, see [10, Theorem 2.5], [13, Theorem
8a] and [15, Theorem 3] ; sometimes also certain perturbation terms of bounded
variation have been allowed, see [6, Theorem 1], [12, Theorem 1] and [16,
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220 O. J. STAFFANS

Theorem (5.7)]). The first studies on the asymptotic properties of (1) were re-
stricted to the special case of a nonnegative, nonincreasing and convex kernel a,
and for some time this was the case most intensively investigated, see e.g. [6],
[9], [11], [12] and [14]. The earliest attempt to generalize some of these re-
sults to positive definite kernels (in the sense of Bochner, or even more generally,
in the sense of Cooper [2]) was made by Halanay [4], using a Popov type tech-
nique. A further development of his approach has resulted in a unified theory
which covers most of the known results for convex kernels (here we restrict our
attention to theorems which permit truly nonlinear functions g, and not only
small perturbations of linear functions). The following paragraph contains a very
brief discussion of this positive definite case, and for more details we refer the
reader to [18] and to §6 below.

One can prove boundedness of the solutions of (1) using weaker assump-
tions than are needed to prove (2) (this is not necessarily true if one relaxes our
requirement f € L'(0, =°)). Positive definiteness of the kernel a together with
some sign and growth conditions on g at infinity implies boundedness of the solu-
tions of (1), and an additional positivity condition on the kernel (together with
a tauberian condition) then implies (2). This additional condition on the kernel,
originally discovered by Halanay [4], and later named strong positive definite-
ness by MacCamy and Wong [16], demands that one be able to subtract an expo-
nential from the kernel and still have something which is positive definite. Most
nonnegative, nonincreasing and convex kernels are strongly positive definite; how-
ever, there exist some that are not strongly positive definite, but for which one
can show that a solution x of (1) satisfies (2), see [6, Theorem 1(ii)] and [18,
§4]. In [21] we introduced a new concept, strict positive definiteness, which is
weaker than strong positive definiteness, but which still implies (2). The main
purpose of this study is to show that strict positive definiteness of the kernel a
is equivalent to strict positivity of the real part of the Fourier transform of a.
This is analogous to the fact that positive definiteness of the kernel a is equiva-
lent to nonnegativity of the real part of the Fourier transform of a (see §1 be-
low). In particular, all nonnegative, nonincreasing and convex kernels, for which
the solutions of (1) are known to satisfy (2), are strictly positive definite.

We have based our treatment below on the concept of positive definite,
locally finite Borel measures rather than on the concept of positive definite, lo-
cally integrable functions. This greater generality, which is quite desirable for the
applications to Volterra equations, causes no major additional difficulties. We
first study the properties of positive definite measures (Definitions 1.2 and 1.3
below) and their Fourier transforms in §1. After that we investigate strictly pos-
itive definite measures (Definition 2.1) in § §2—3. To facilitate a comparison
with earlier results, in particular those concerning strong positive definiteness, we
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study the Laplace transforms of positive and strictly positive definite measures in
§8§4—5. Finally, in §6 we give two theorems on the solutions of a slightly gener-
alized version of (1), concerning the existence and boundedness of solutions and
the validity of (2), together with some supplements on the uniform continuity of
the solutions on [0, ).

We shall throughout use the following function, measure or distribution
spaces, defined on an interval (g, b) (this open interval is used only for illustra-
tion, and can sometimes be replaced by a half-open or closed interval; the speci-
fic interval (—o°, %) will frequently be left out from the notation):

((a, b): continuous functions,

C*(a, b): infinitely differentiable functions,

BV (a, b): functions of bounded variation,

L'(a, b): Lebesgue integrable functions,

L%(a, b): Lebesgue square integrable functions,

L™(a, b): essentially bounded, measurable functions,

M(a, b): see Definition 1.1 and Remark 1.1,

P(a, b): see Definition 1.1 and Remark 1.1,

SP(a, b): see Definition 2.2,

PD(a, b): see Definitions 1.2 and 1.3,

SPD(a, b): see Definition 2.1,

™a, b): C™ functions with compact support in (a, b),

?'@a, b): distributions [22, p. 24],

S: rapidly decreasing testfunctions [22, pp. 233-234],

8': tempered distributions [22, p. 237],

B': bounded distributions [22, p. 200].

We shall also use the following notations (g stands for an element of some func-
tion space, and u for an element of the corresponding dual space, e.g. ¢ € D and
ueDy:

{p, u): u evaluated at ¢,

p: complex conjugate of ¢,

(o, W) = (g, ),
Aw) = [ (et dt (o< w <),
(o, i) = (@, u),
19 =91,
2, W) = (@, u),
IM={s€Cl Res>0},
u*: u*(s) = (e, u) (s €M), where e () = " (= <t <),
frg (f+8)0) =[5, f(t — 1)8(r) dr (see also [20, Definition 7.18]),
fog (feg)Xn) = 1),

lul: the total variation measure of p.

NN
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With the exception of §6 all our functions, measures and distributions are
complex-valued, unless explicitly stated otherwise. We identify a measure u (or
a function) with a distribution by the formula {p, ) = [=_ o(¢) du(?) (¢ € D).
The word “positive” is used as a synonym to “nonnegative”, and we write
“strictly positive” whenever we want to exclude zero. We extend all functions
and measures, defined on some interval I, to (-, ) by zero outside /, unless
we give a specific statement to the contrary (so e.g., D(0, %) C D(—o°, ), but
C[0, ») ¢ C(=, »)).

1. Positive definite measures. In this section we give the basic results on
positive definite measures and their Fourier transforms. These measures form a
subclass of Schwartz’s positive definite distributions, which contains all positive
definite functions in the sense of Cooper [2]. The proofs are based on [22].

DEFINITION 1.1. By a locally finite (Radon) measure u on (=, ) (u €
M(—-o0, 0)) we mean a complex-valued set function that restricted to subsets of
compact sets of (—°, ) is a complex Borel measure. By M[0, =) (“locally fi-
nite measures on [0, <)) we mean the subclass of M(—o°, *) vanishing on (—o°,
0). The class of positive, locally finite, Borel measures on (—o°, =) is denoted by
P(—oo, ),

REMARK 1.1. One can identify M(—oo, «) with the class of distributions of
order zero [22, p. 25], M[0, ) with the class of distributions of order zero, van-
ishing on (=<0, 0), and P(—o°, «) with the class of positive distributions [22, p. 29].
We shall make frequent use of these identifications without any further comments.

DEFINITION 1.2. A measure . € M[0, =) is positive definite (u € PD[0, <))
if for every T > 0 and for every ¢ € C[0, T],

(1.1) Re{flo’” 70 f;o,u At — 1) du() dt} >0.

Definition 1.2 is a straightforward generalization to measures of the class
of positive definite functions used in [4], [16], [18] and [21]. A seemingly
slightly different class of positive definite functions, defined on (-0, =) instead
of [0, =), has also been studied, e.g. by Cooper [2]. His definition generalizes
to measures as follows:

DEFINITION 13. A measure v € M(—°, =) is positive definite (v €
PD( —oo, ) if for every T > 0 and for every ¢ € L2(-T, T),

12) [ -0 [ gagy P D AN dE >0,

Note that the double integral in (1.2) is required to be real, and that a

larger class of functions ¢ is admitted.
REMARK 1.2. The easiest way to avoid measurability problems in (1.2) is

to replace an arbitrary, Lebesgue measurable ¢ by a Borel measurable ¢, , which
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is equal to p a.e. [m] (m denotes Lebesgue measure). The measure v restricted
to [-2T, 2T] is finite, and one can then use Fubini’s theorem to show that the
integral in (1.2) is well defined, i.e. absolutely convergent and independent of
¢; aslong as p;, = g ae. [m].

REMARK 13. Extending ¢ to (=0, ) to be zero outside [T, T] and us-
ing Fubini’s theorem one can write (1.2) in the form

(13) loxg,1)=>0.

The classes PD[0, ©) and PD(—o, ) are closely related to each other; in
fact they are essentially equivalent in a certain sense:

THEOREM 1.1. Let u € PD[0, ). Define v € M(—°, «) by
a4 v=p+p.
Then v € PD(—°, ). Conversely, let v € PD(—, ). Take any real number a
and define u € M[0, =) by
1.5) M(E) = (% + aip(E N {0}) + »(E N (0,))

for every bounded Borel set E C (—, ). Then u € PD[0, ). Moreover, every
v € PD(—, ) satisfies v =V (in particular, v({ O}) is real), and hence the restric-
tion (1.5) followed by the extension (1.4) reproduces the original measure v.

REMARK 14. With the exception of the point { 0}, formula (1.5) simply
defines the restriction of » to [0, o), whereas (1.4), again with the exception of
the point {0}, defines v to be the extension to (—eo, ) of u satisfying v = 7'.
Formulas (1.4) and (1.5) are equivalent provided v = 7" and & = Im { u({0})}.

The proof of Theorem 1.1 is based on the following lemma.

LEMMA 1.1. Let u € M[0, =), and define v by (1.4). Then for every T >
0 and for every ¢ € C[0, T],

Re {f{oﬂ 7t f[o,r] ot ~ 1) du(r) dt}

=% [

[

(1.6)
0,T] ) f[ -T,1] o(t — 1) du(7) dt.

ProoF oF LEMMA 1.1. Substituting u for v according to (1.4) one gets
Jio2y 70 f g0y ot = D D)
= o + u(7) dt
e8] f[o,T] w0 f[o,T—t] ot + 1) d(r)

" Jiom ) f[o,r] o(t = 1) du(r) dt.
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The first term can be written, using Fubini’s theorem followed by a change of
variables and another application of Fubini’s theorem, as

Jio.21 #0-J 070y 0 + 1 )t = f[”] 9(0) f[m (¢ - 7) di(r) dr.

This combined with (1.7) gives (1.6), and the proof of Lemma 1.1 is complete.

The proof of Theorem 1.1 is now quite straightforward, and we shall only
give the following short outline of it. To prove that u € PD[0, ) implies
v € PD(—o°, =) one first uses the fact that the convolution in (1.3) is invariant
under translations of ¢ (i.e. if p(f) = p(t —s), then g, 2§ = » P)togeta
function ¢, with support in [0, 27], and then one completes the proof using
Lemma 1.1 and the density of 70, 27) in L2(0, 2T). For the proof of the con-
verse part one needs the fact that v € PD(—oo, ) implies » = ¥’ (this follows
from [22, p. 275], and also from Theorem 1.2 below, since by this theorem &
is real). This means that formula (1.4) expresses v in terms of u, and the posi-
tive definiteness of u now follows immediately from Lemma 1.1, because C[0, T]
CL*-T, .

The class PD(—<°, =) is equivalent to a subclass of Schwartz’s positive defi-
nite distributions, i.e. the positive definite distributions of order zero. It is clear
from (1.3) and [22, p. 275] that PD(—°, ) is contained in the class of positive
definite distributions of order zero (replace the function ¢ by its complex conju-
gate), and using the density of D(—~T, T) in L2(-T, T) it is easy to show that
every positive definite distribution of order zero is in PD(—o°, ). Thus the posi-
tive definite measures can be characterized in the following way (see [22, pp.
275-276]; B' is the class of bounded distributions, in particular B’ C S'):

THEOREM 1.2 (SCHWARTZ). A measure v € M(—o, =) is positive definite
ifand only if v € B' and 9 € P(—o», ).

This theorem also remains true if one replaces “v € B™ by “v € S$"".
Combining Theorems 1.1 and 1.2 one immediately gets (note that by [22,
p. 251] and (1.4), ¥ = 2 Re {{}):

COROLLARY 1.1. A measure u € M[0, =) is positive definite if and only if
1 € B' and Re{ji} € P(—2°, *0).

The mere fact that ¥ € §' N P(— oo, ) whenever » € PD(—®o, ) imposes a
growth condition on 7 (see [22, p. 242]). However, exploiting also the fact that
v is of order zero in a neighborhood of {0} one gets a much sharper bound on
the size of »:

ProrosITION 1.1. Given €, n > 0 there exists K(e, n) > O such that for
every v € PD(—o, =),
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@1.8) sup W(w — €, w + €)) < K(e, n)wl((—n, n)).
—o < (<o

In particular, € B'.

This bound is essentially the same as in [2, p. 60].

PRrooF oF ProrosITION 1.1. Fix €, 7> 0. Pick any ¢ € S such that ¢
=0,0>1in(-¢, €) and ¢ € D(—-n, 1) (eg. take ¥ € D(-n/2,n/2) with
§(0) # 0, define ¥, = ¥ » ¥ (cf. [20, Theorem 7.2(c)] and [22, p. 251]), and
then put o(?) = A’npl()\t) for a sufficiently large number A [20, Theorem
7.2(d)]). Define K = sup, |@(r)|. Then

W(~e, ) < p, D = @, ) <K WI((-n, n)).

This bound does not change if one translates , and so (1.8) is true with K(e, 1)
= K. That v € B’ follows immediately from the fact that (1.8) is invariant under
translations of ¥ [22, p. 205].

2. Strictly positive definite measures. A certain subclass of the positive
definite measures has an interesting property (Theorem 2.1 below), which has
some implications for the theory on the asymptotic behavior of the solutions of
a nonlinear Volterra equation. Specializing to the case of an integrable function
a one has the following lemma:

LEMMA 2.1. Let 9 € L*(0, ). Let a € L1(0, =) satisfy Re{a(w)} >0
(o0 < w < =), Moreover, suppose that
T_ t
(2.1) Sup Re { f . 90 fo ot - Da(r) dr dt} < oo,
Define the translates ¢, of ¢ by
‘p(t + S), t= =S,
¢, () =
0, t<-s.

Then ¢, — 0 weak® in L™ (—°, ®) as s — . [f in addition ¢ is uniformly
continuous on [0, =), then ¢(t) — 0 as t — oo,

REMARK 2.1. The statement about weak* convergence in L*°(~c°, %) is
equivalent to the following: for every b € L1(0, o),

Jobene@ar={ ss-ned—0 (-,

The proof of Lemma 2.1 is essentially the same as the proof of Lemma 1
in [21]; extend @ to (=eo, ) as in Theorem 1.1, apply Lemma 1.1, then continue
the proof as in [21, §4], and finally use two different versions of Wiener’s tau-
berian theorem [20, Theorem 9.7(a)—(b)] .



226 O. J. STAFFANS

REMARK 22. It follows from Corollary 1.1 that the measure induced by a
function a € L1(0, ) (du(f) = a(?) dt) is positive definite if and only if
Re{d(w)}= 0 (o < w < ). Whenever a locally integrable function induces
a positive definite measure, we shall henceforth also call this function positive
definite.

REMARK 2.3. It is not hard to see that the conclusion of Lemma 2.1 does
not necessarily hold if the condition Re{a(w)} > 0 is relaxed to Re{a(w)} =0
(- < w < ). The function a(f) = 0 provides a trivial example. A less trivial
example is the following (cf. [11, Theorem 1]): Take

1-¢, 0<t<]1,

a(t) =3 oD =e*"*, t>0.
0, >1,

Then
])6-, w=0,

R a E—4
s (oo} ;(l/wz)(l -cosw), w0,

is nonnegative, but not strictly positive everywhere. A short computation yields

T .. rt
Re{.[‘o e~ 2mit J‘o ezni(t—f)a(f) dr dt} = 2_15 T=1),
T

so (2.1) is satisfied. This shows that the assumption Re{@(w)} >0 (-0 < w <
) is indeed essential.

Our present objective is to improve Lemma 2.1 by removing the integrabil-
ity condition a € L(0, =), i.e. we would like to replace the function a by a
measure i € M[0, ). In the view of Remarks 2.2—2.3 it seems natural to require
that u be positive definite, and in addition that the derivative of Re{ i1} with re-
spect to a Lebesgue measure (i.e. the “density function™), be strictly positive in
some sense. There is an almost trivial way of generalizing Lemma 2.1 to a class
of “strictly positive definite” measures (Definition 2.1 and Theorem 2.1 below),
but it is not immediately clear what this means in terms of Fourier transforms.
However, we show below that this leads to a very natural subclass of positive
definite measures, i.e. strict positive definiteness of u is equivalent to strict posi-
tivity of Re{} in the appropriate sense. We shall also give a theorem on the
strict positive definiteness of nonnegative, nonincreasing and convex functions.

DEFINITION 2.1. A measure u € M[0, %) is strictly positive definite (u €
SPD|0, o)) if there exists a function b € L'(0, %) with Re{b(w)} > 0 (e <
w < ), such that the measure \ defined by d\N(t) = du(t) — b(t)dt (t =0) is
positive definite.

THEOREM 2.1. Let ¢ € L™(0, =), and let u € SPD[0, ). Moreover,
suppose that



POSITIVE DEFINITE MEASURES 227

22) sup Re{ f[o’ﬂ 70 fm] ot - 7) du(r) dt}<°°.

T>0

Define the translates g of ¢ as in Lemma 2.1. Then os — 0 weak* in
L% (=90, ) gs s —> o (see Remark 2.1). If in addition ¢ is uniformly continuous
on [0, ), then o(t) — 0 as t —> oo,

In order to prove Theorem 2.1 it suffices to apply Lemma 2.1 with the
function a replaced by the function b, given in Definition 2.1.

Definition 2.1 leads to a very short proof of Theorem 2.1, but it leaves
one question open: When is it possible to find such a function ? This problem
can be solved in a satisfactory way (Theorem 2.2 below).

DEFINITION 2.2. A measure ¢ € M(—, «) is strictly positive at a point
w if there exists € > O such that the measure o, defined by do(t) = do(r) — edt
is positive in (w — €, w + €). A measure 0 € M(—o, ) is strictly positive (o €
SP(—oo, ) if it is strictly positive at every point w € (—, ),

REMARK 24. Strict positivity of o at the point w essentially means that
the derivative of o with respect to Lebesgue measure is bounded away from zero
in a neighborhood of w. Clearly SP(—9o, %) C P(—o0, o),

THEOREM 22. A measure u € M0, ) is strictly positive definite if and
only if u€ B' and Re {1} € SP(—oo, ).

The “only if”” part follows trivially from Definition 2.1 combined with Cor-
ollary 1.1. The nontrivial part of the proof is based on the following lemma,
which we state for later use in a slightly more general form than is needed in the
proof of Theorem 2.2.

LEMMA 22. Let u € PD[0, ), and let Q1 C (—oo, ) be the set where
Re {1} is strictly positive. Then there exists ¢ € S such that Hw) > 0 (we
), Hw) =0 (w &), and the measure \ defined by d\(t) = du(t) — o) dt
(¢t = 0) is positive definite.

The proof of Lemma 2.2 is given in §3.

The “if” part of Theorem 2.2 now follows immediately. Let ¢ be the func-
tion in Lemma 2.2, and define b(r) = (f) (t > 0), b(1) = 0 (¢ < 0). Then
Re {b} = %y (¢ is real, and so ¢ = @, which means that o(r) = b(¢) + b(?)
(¢ #0), see [22, p. 251]). Thus Re {b(w)} >0 (w € Q = (oo, )), and b
serves as the function required in Definition 2.1.

The following theorem is essentially a special case of Corollary 1.1 and
Theorem 2.2:

THEOREM 23. Let a be a nonnegative, nonincreasing and convex function
on (0, =) satisfying a € L'(0, 1). Then a is positive definite. Such a function
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a is strictly positive definite if and only if there exists no T > 0 such that a is
linear in all the intervals (nT, (n + N)T) (n=0,1,2,...).

In view of Corollary 1.1 and Theorem 2.2 one can consider Theorem 2.3 as
a reformulation of a known result [5, p. 546] (the real part of the distribution
Fourier transform @ equals the function Re { A(iw)} (w #* 0) in [S] plus a posi-
tive point mass at {0} whenever a(2) > 0). For a different version using strong
positive definiteness, see [18, Corollary 2.2] and also the counterexample in [18,
§4], exhibiting a strictly positive definite, nonnegative, nonincreasing and convex
function which is not strongly positive definite. Comparing [18, Corollary 2.2]
and Theorem 2.3 above it may of course be remarked that the measure da'(t) is
purely singular in a very special way (a sum of point masses) whenever a is piece-
wise linear.

3. Proof of Lemma 2.2. Define v as in (1.4). Then Re {a} = %i. Using
Theorems 1.1 and 1.2 we can then clearly rewrite Lemma 2.2 in the following
form:

LEMMA 22a. Let v € PD(—<0, ), and let S be the set where ¥ is strictly
positive. Then there exists Y € S such that Y(w) >0 (w €Q), Y(w) =0 (w
& ), and the measure o defined by do(t) = dixt) — Y(t)dt (—° <t <) is
positive.

(As compared to Lemma 2.2, ¥ =¢,and 0 = 2 Re 1)

PrROOF OF LEMMA 2.2a. We claim that there exist a countable collection
of open intervals /; and a sequence of numbers ¢; > 0 such that (m stands for
Lebesgue measure):

® U =9

i:—oo
(3.1) (i) P-em>0inl; (~<j<od),
) LnLnl,=g (#j#k#i).
(iv) each interval has finite length.

It is clear from Definition 2.2 that £ is open, and thus £ is a countable union of
disjoint open intervals. Since a countable union of countable collections of inter-
vals is countable, it suffices to construct the intervals J; in the special case when
€ is an open interval, say 2 = (a, ) (—o° < a < < ). This can be done as
follows: Define e(w) = sup{eld —em 2 0in (w—€, w+ €)} (-0 < w < ).
Then it is easy to show that le(w,) —€(w,)| < lw; — w, |, i.e. € is continuous.
Also €(w) > 0 (w € Q). Take an arbitrary point w, € (o, f), and define
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eo=%€(wo), Olo=w0“€o, Bo=wo+eo’ 10=(a0sBO)’
€, = %e@By), o, =max{wo,30-€1}aﬂl =By t+ep, Iy = (0,8,

and then recursively (“progressing to the right”)

€41 =%e(B): Qyy =max{Bpy. b= €ue)

Bio1 =8t i1y L1 =@41:840) G221
We define J; for negative j (“progressing to the left”) by

€y = %e(®), B, =min {01,041}
Oy =0~ €y, I,'_l =1, B-) (<0

It follows immediately that (3.1)(ii)—(iv) are satisfied. Also clearly U= _.. I is
an open subinterval of (o, §). It then only remains to show that
1_1’ir_n“ o<a, ,lir?e B; = B.

So suppose to get a contradiction, that lim;_, ., §; = v <8. This implies that
im .. @41 —B)= % lim; , . €(8;) = 0, and thus by continuity, e(y) = 0. But
this contradicts the fact that e(w) > 0 (w € (@, f)). In the same way one proves
that limi_,_,, o <a

Once we have the intervals J; satisfying (3.1) the rest of the construction
is quite straightforward. Choose functions §; € S such that Y(w) =0 (w ¢
L), 0<Yyw)<%e (WEL) (j=0,%1,...). Since for every fixed j, the
function §¢; — 0 in S as the scalar § — 0 we can pick §;, 0<5; <1, such
that

(32) a0 <27 (j=0,%£1,...),

where d stands for an invariant metric in S (see [20, Theorem 7.4(a)] ; invariance
means that d(p,, 9,) = d(¢; = ¢, 0) (¢;, v, € S)). Define ¥ by ¥ =
2;;_,, 8;¥;. This sum converges in S by (3.2), and it follows immediately from
the construction that  has all the desired properties, in particular, no point of

€ is covered by more than two intervals, and Y(w) < max{ei, gl forwe Il

N I.. This completes the proof of Lemma 2.2a.

4. Laplace transforms of positive definite measures. Since every u €
PD[0, =) is a tempered distribution (Corollary 1.1), we can define the distribu-
tion Laplace transform u* of u (see [23, p. 223]):

u*@s) =, ) (EM={s€CIRes>0),

where e(f) = €7 (- <t < ). By [23, Theorem 8.3.2], u* is analytic in II.
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Theorem 2 in [18] generalizes easily to the present situation:

THEOREM 4.1. Let u € M[0, ) N S". Then the following statements are
equivalent:
() u€PD[O, ),
(i) Re{u*()}=>0 (s€m),
(iii) Lim inf_, ;;; Re {u*(s)} = 0.

The last statement means explicitly (311 is the boundary of II):
liminf Re{u*(s)}=0 (—o<w<),

s—iw;sEIl

liminf Re {u*(s)}>0.
Isl-» o0 ;51T
The proof of this theorem, like the proofs of Lemma 4.1, Theorem 4.2 and
Corollary 4.1 below, will be given in §5.

REMARK 4.1. Nohel and Shea [18] write (iii) in a slightly weaker form,
taking advantage of an additional smoothness and growth condition on u [18,
line (1.1)].

Sometimes Laplace transforms are easier to compute than Fourier trans-
forms; in particular it may happen that the Laplace transforms converge in the
classical sense for every s € II (this is assumed throughout in [18]). In this case
the criteria (ii) and (iii) in Theorem 4.1 can be quite useful. There also exists a
condition similar to Theorem 4.1(iii) which is equivalent to strict positive defi-
niteness. In this connection it is helpful to know that Re { u*} has nontangential
limits a.e. on the imaginary axis: Pick any a > 0, and define

—_ 3 * 7
4.1) u(w) = E_)Mll;r;nw7 <ap R (& +im)}
whenever this limit exists. We then have

LemMMA 4.1. Let u € PD[0, ). Then u(w) as defined in (4.1) exists for
almost every w € (—, =),

REMARK 4.2. The function u in (4.1) is actually a.e. equal to the (mea-
sure theoretic) derivative of Re {1} with respect to Lebesgue measure, i.. it is
a.e. equal to the derivative of the absolutely continuous part of Re {a}. We
omit the proof of this fact since we shall not need it explicitly below.

THEOREM 4.2. Let u € PD[0, =), and define u as in (4.1). Then the fol-
lowing two conditions are equivalent:

() n€SPDIO, =),

(ii) for every w € (—, ) there exists € > 0 such that u = € a.e. in (w —
€, w +¢€).
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COROLLARY 4.1. Let u € PD[0, «). Define
W w)= liminf Re{u*(s)} (-*<w<®)
s—+iwisEll

(i.e. including tangential approach). Then u € SPD[0, =) if and only if v(w) >
0 (o< w< ),

The corresponding result with strict positive definiteness replaced by strong
positive definiteness (and the measure u absolutely continuous and satisfying the
very mild growth condition [18, line (1.1)]) is given in [18, Corollary 2.1].

5. Proofs of Theorems 4.1-4.2, Lemma 4.1 and Corollary 4.1.

ProOF OF THEOREM 4.1. The equivalence between (ii) and (iii) follows
directly from the maximum modulus principle for harmonic functions. The equiv-
alence between (i) and (ii) can be proved as in [18], but by using Theorems 1.1 and
1.2 together with [2, Theorems 1-2] we can give a shorter proof.

Let u be the given measure, and define » by(1.4). Take any £ > 0, and
define p, € M[0, ) N S’, v, € M(=2°, %) N S’ by dp,() = **du(r) (¢ >0),
dv(r) = —¢ I"dv(t) (> <t<). Thenv, =, + ;’TE. Thus 135 is given by
the function

(5.1) $y(w)=2Re {(w)}=2Re {u*( +iw)} (E>0,~<w <)

(see [22, p. 251] and [23, p. 224]).

Now suppose that (i) holds. Theorem 1.1 then tells us that » € PD(—co, o),
Apply [2, Theorem 1] (which by the same proof as in [2] is valid also for positive
definite measures) to conclude that Ve € PD(=%0, %) (¢ >0). Combining this with
(5.1) and Theorem 1.2 we find that (i) is satisfied.

Conversely, suppose that (ii) holds. Theorem 1.2 and (5.1) then imply that
Vg € PD(—, ) (£ > 0). Now use [2, Theorem 2] (which also is valid for positive
definite measures by the same proof as in [2]) to get v € PD(—e°, %), and Theorem
1.1 then tells us that (ii) is satisfied.

PrROOF OF LEMMA 4.1. By Theorem 4.1, Re {u*} is a positive harmonic func-
tion on I1. Map IT conformally onto the unit disk with a linear fractional transfor-
mation & (e.g. h(z) = h™1(z) = (1 - z)(1 + z)™*). Then the function g = Re {u*}°
k™! is a positive harmonic function on the unit disk. This means that g can be writ-
ten as the Poisson integral of a positive measure on the unit circle [19, Theorem
11.19]. Thus g has nontangential limits a.e. on the unit circle [7, p. 34]. Writing
Re {u*}=g ° h, and using the fact that % is conformal, we then find that the limit
in (4.1) exists for almost every w € (—, =), as claimed in Lemma 4.1.

PROOF OF THEOREM 4.2. First suppose that (i) holds. Then by Theorem
4.1, Definition 2.1, and the fact that b € L' (0, =) (b given by Definition 2.1),

liminf  Re {u*(s)}>Re {b(w)} (—*< w<o).

s—iw eIl
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The function Re {b}is strictly positive and continuous, and so (ii) is satisfied.

Next we turn to the converse part, and suppose that (ii) holds. Define My as
in the proof of Theorem 4.1 (£ > 0). It is an easy, although somewhat tedious,
exercise to show that y, — pin 8'as £ — 0+. Taking Fourier transforms this
means that 2, — fi in S', so in particular Re {i;}— Re {u}in S'(¢ —0+).
Choose any nonnegative ¢ € D. Then by Theorem 4.1(ii), (4.1), (5.1) and Fatou’s
lemma,

[~ dwp(w)de < lim " o) Re (i (@) de = p, Re (@D,
-0+

This means that the measure A defined by d\(f) = d[Re {i1}] (¢) — u(t)dt (—o <t <
o) is positive, and so by (ii) and Definition 2.2, Re {u} € SP(—0, ). Theorem 2.2
then tells us that (i) is satisfied.

PROOF OF COROLLARY 4.1. That u € SPD[0, =) implies v(w) >0 (-2 < w
<) is proved exactly as in the first part of the proof of Theorem 4.2. Conversely,
the function v is lower semicontinuous, and so it assumes its minimum on every
compact interval. This together with the condition v(w) >0 (—o < w < %) im-
plies that the function u defined in (4.1) satisfies Theorem 4.2(ii), and thus u €
SPD[0, «).

6. Applications to nonlinear Volterra equations. We shall now apply the
theory developed in §1-5 to the nonlinear Volterra integrodifferential equation

6D X0+ [ 8EC-NAE =) O<<=); x(0)=x,.

Here g and f are real-valued functions, u is a real, locally finite measure, x, is a real
constant, and x is the unknown solution, which is required to be locally absolutely
continuous, and satisfy (6.1) a.e. We are basically interested in the asymptotic be-
havior of x(t) as t — 0. Uniqueness of the solution is not assumed.

The following theorem gives the existence and boundedness of solutions of
(6.1):

THEOREM 6.1. Suppose that
6.2) n€EPD[0,),

(63) gEC(-,>), fEL'(0,%),
(64  lg®I<KA+IGE) o<i<e), inf _ C®O>~,

where G(§) = f(f g(m)dn (—oo < & <), and K is some positive constant. Then (6.1)
has at least one solution on [0, =), and for any solution x the function g © x is
bounded. If also lim sup,_, , ,, G(§) = °°, then all the solutions of (6.1) are
bounded.
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This theorem is proved exactly as [18, Theorem 1(i)] , except that by
(6.2) the proof of [18, line (2.4)] becomes trivial. It contains [18, Theorem 1(i)]
as a special case (see [18, Theorem 2], and also Corollary 1.1 and Theorem 4.1
above; it is a trivial exercise to show that it suffices to take real-valued functions
win (1.1) whenever p is real). Our smoothness condition on the kernel, i.e. the
measure u, is somewhat weaker, and we have also removed the growth condition
on the kernel found in [18, line (1.1)]. For a discussion of earlier results we refer
the reader to [18].

Our next theorem concerns the existence of lim,_, ., g(x()):

THEOREM 6.2. Let (6.3) hold. In addition, suppose that

(6.5) 1 € SPD[0, ),
and that
(6.6) x€L%(0,%)

is a solution of (6.1) on [0, *°). Define the translates ¢, of g ° x by

gx(t +5)), t=>-s,
¢y(1) =
=7 Ao, t<-s.
Then g, — 0 weak™* in L™ (~°, %) as s —> o (cf. Remark 2.1). If moreover x is
uniformly continuous on [0, %), then lim,_, ., g(x(¢)) = 0.

To prove Theorem 6.2 it suffices to show that (2.2) holds with y =g ° x,
which can be done exactly asin [21], and then to apply Theorem 2.1 (note that
uniform continuity of x together with (6.3) and (6.6) implies uniform continuity
of g o x).

This theorem extends [18, Theorem 1(ii)] . Our assumption on the kernel
is weaker, in particular we do not need the growth condition [18, line (1.4)] on
Re {1} (cf. Theorem 4.2 and Remark 4.2 above). Additional conclusions concern-
ing the existence of limits of x(¢) and x'(#) as # —> c can be obtained as in [18] by
restricting the growth of y at infinity.

The following theorem gives sufficient conditions, weaker than in [18,
Theorem 1(ii)] (see Proposition 6.1 below) for the solution x to be uniformly
continuous on [0, =) (as in Theorems 6.1—6.2 all functions and measures are
real-valued):

THEOREM 63. Let (6.3) hold. In addition, suppose that
6.7) du(®) =d\(t) +a()dt (t=>0),

where
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(6.8) AEPD[0,), I\I([0, %)) <ee,
(6.9) a €C[0,%) N PD[0, =),

and let x be a solution of (6.1) satisfying (6.6). Then x is uniformly continuous
on [0, =).

PRrOOF OF THEOREM 6.3. Define ¢ = g © x, and rewrite (6.1) in the form

(6.10) x'(1)=- f[ op A=A - [ Lot = u() dr + 1) (¢3>0).

By (6.3) and (6.6), sup,, lo()! <o, and together with (6.8) this implies that
the first term in (6.10) is bounded. That the integral of the last term in (6.10)
is uniformly continuous follows from (6.3). Thus it suffices to show that

t
f o o(t = Ta(r) dr

To do this, one first argues as in [21] to show that (2.2) holds. Then by (6.7)—
(6.8),

< oo,

sup
t=0

sup [ o(0) [ ot = ryacr) e dit < oo
300 0 )
Theorem 6.3 is now a consequence of

LEMMA 6.1. Let ¢ be locally integrable on [0, =), and suppose that (6.9)
holds. Then for every T < s,

6.11)

foT oT = a(r) dr |- < 24(0) I} :,p(r) | ; ot - T)a(r) dr dt.

We have formulated this lemma for real functions @ and ¢. A complex
version could also be given.

ProoF oF LEMMA 6.1. Define b as the even extension of a to (—°, ).
Then by (6.9) and Theorem 1.1, b € C(—2°, %) N PD(—°, =). It then follows
from Bochner’s theorem [1, p. 326] that

6.12) b(t) = 2—:; [T detdb) (-e<t<e),

where the measure b is positive and finite, i.e. 13((-— oo, o0)) < oo, Fix T'> 0. De-
fine p () =p(t) O<t<T), p () =0 (¢ <Oort>T),and let )(T) denote
the integral

(6.13) om =] OT o0 [ ol = vatr) ar at.
Then by Lemma 1.1 and Fubini’s theorem,
o =% | OT Jo . et = by drdt =% [~ Gor s g () dr
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Thus, using also (6.12), [20, Theorem 7.2(c)], [22, p. 251] and Fubini’s theo-
rem,

(6.14) (N = 4—; f_: 137(w)1? db(w).

We now leave this expression for a while, and instead turn to the left-hand
side of (6.11). Clearly

J. AT =10t dr = (o » BXD).

But (¢ * bXT) = (1/21) [, € Tg(w) db(w) (the proof of this is only based
on (6.12), Fubini’s theorem and a change of variables), so one finds that

U7 or- e a* = 5|1 emspcenraien
< [f . 1or() dB(w)] T B D [ 1oy die,

where we have also applied Holder’s inequality. Combining this with (6.12)—
(6.14) we get (6.11), and the proof of Lemma 6.1 is complete.

Although it is not immediately obvious, the conditions (6.7)—(6.9) are
weaker than the corresponding conditions in [18, Theorem 1(ii)] :

ProPosITION 6.1. Let u € PD[0, =) be of the form

(6.15) du(t) =do(f) + b()dt  (¢>0)
where

(6.16) lol([0, ) < oo,

6.17) b€BV[0, ).

Then u can be written in the form (6.7)—(6.9), with the function a being the
restriction to the positive real axis of an entire function.

PROOF OF PROPOSITION 6.1. Take ¢ € S such that ¢ € D(-2, 2), (0) =
1,and 0 < Y(w) < 1 (-2 < w < 2). Define v as in (1.4), and then define a(?)
= (p * v)(t) (t = 0). By Theorem 1.1, Theorem 1.2, [20, Theorem 7.19(c)]
and [20, Theorem 7.22(a)] the function a has all the desired properties, i.e. a €
C[0, =) N PDJ0, =), and a is the restriction to the positive real axis of an entire
function. Thus it only remains to show that the measure v — ¢ * v is finite and
positive definite (then restrict this measure to the positive real axis as in Theo-
rem 1.1). However, the positive definiteness of v — ¢ # v follows immediately
from Theorem 1.2 combined with [20, Theorem 7.19(c)] and the fact that
P(w) <1 (= < w < ), 50 we only have to prove that the measure v — ¢ * v
is finite. Define n = ¢ +G. Then by (6.16) and an application of Fubini’s
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theorem the measure  — ¢ * 7 is finite, and thus by (6.15) it suffices to show
that the function

dy=c)- [ et-nendr  (o<t<«)

is integrable, where c is the even extension of b to (—9o, ). Using the fact that
L2, o(s)ds = 1 (which is equivalent to ¢(0) = 1) and an integration by parts one
can write d(¢) in all points of continuity of ¢ as the Lebesgue-Stieltjes integral

aey = [ wie -7 deto),

where Y(£) == [*, p(s)ds (t <0), ¥() = [ o(s)ds (¢t =>0). But y €
LY(~o°, ), and so d € L!(—<°, =) (use Fubini’s theorem once more). The proof
of Proposition 6.1 is complete.
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